Abstract: We experimentally demonstrate that ptychographic coherent diffractive imaging can be used to simultaneously characterize the amplitude and phase of bichromatic orbital angular momenta-shaped vortex beams, which consist of a fundamental field, together with its copropagating second-harmonic field. In contrast to most other orbital angular momentum characterization methods, this approach solves for the complex field of a hyperspectral beam. This technique can also be used to characterize other phase-structured illumination beams, and, in the future, will be able to be extended to other complex fields in the extreme ultraviolet or X-ray spectral regions, as well as to matter waves.
Introduction
Exciting recent advances have made it possible to achieve full control over the wavefront, polarization, and orbital angular momentum of light fields spanning from the THz, through the visible, and also the extreme ultraviolet spectral regions [1, 2] . As a result, it is now possible to generate three-dimensional, structured optical fields [3] . Interest in spin-orbit electromagnetic waves carrying a Pancharatnam-Berry phase singularity (i.e. an optical vortex) started about a decade ago [4, 5] , especially in laterally confined beams with vortex structures. A vortex beam has a helical-shaped wavefront that rotates around its propagation axis, which imparts orbital angular momentum (OAM) [6, 7] , even at the single photon level [7] . Vortex and OAM beams have been used for applications such as super-resolution microscopy, optical communication, quantum information processing, and optical traps and tweezers [8] [9] [10] [11] [12] [13] . In addition to these applications, novel techniques to produce and manipulate OAM beams are being developed. For example, fork holograms, high precision optical components such as spiral phase plates, planar patterned anisotropic media such as liquid crystal q-plates, and spatial light modulators are routinely used to generate OAM beams [14] [15] [16] .
Although many methods of producing OAM beams exist, there are far fewer techniques that can detect and quantify the topological charge of an OAM beam, i.e. the amount of OAM in the beam. Detection and characterization of the complex wavefront is a prerequisite for any application involving OAM beams, as highly pure beam modes are usually required. The OAM content can be quantitatively measured through interferometry, triangular apertures, or through the use of cylindrical lenses [17] [18] [19] [20] [21] . However, many of these methods often only retrieve the average value of the OAM charge and are inadequate when measurements of both the amplitude and phase profile of the field are required with a high spatial resolution, especially if the field is hyperspectral. Wavefront sensing schemes based on Shack-Hartmann wavefront sensors can characterize both the amplitude and phase of wavefronts, and some variants are also able to handle hyperspectral fields [2, 22] . However, since these methods use an array of microlenses or apertures to sample the wavefront, the spatial resolution of the reconstruction is limited by the manufacturing precision of the array.
Fortunately, computational imaging approaches, such as coherent diffraction imaging (CDI) can characterize complex and/or hyperspectral light fields, including vortex beams, with a high spatial resolution [23] [24] [25] [26] [27] [28] [29] [30] . In CDI, light diffracts from a sample (either in reflection or transmission) and the scattered light intensity is detected, usually via a charge-coupled device (CCD) camera. A computational phase retrieval algorithm then iteratively solves for the complex field exiting the sample, by satisfying experimental constraints. Ptychography is a particular variant of CDI that makes use of redundant information from multiple diffraction patterns taken from overlapping regions of the sample [25, 31] . Ptychographic CDI solves for the complex transmission or reflectivity of the sample, as well as the complex light field that was used as the probe. This feature of ptychography means that it is both a robust microscopy technique, as well as a wavefront sensing technique that can characterize both the amplitude and phase of an arbitrary wave field. In addition, multiplexed ptychography [27, 28] allows simultaneous imaging of multi-wavelength probe beams and the corresponding spectral responses of the sample. OAM beams have been characterized using ptychography [30] , but only for single-color, low-topological-charge OAM beams and at low spatial resolution.
Here we demonstrate that multiplexed ptychographic CDI can be used as a high spatial resolution, phase-and-amplitude hyperspectral wavefront sensor by simultaneously characterizing an OAM beam together with its frequency-doubled second-harmonic beam. Multiplexed optical characterization techniques such as CDI offer computational routes to wavelength selectivity and hyperspectral wavefront sensing, without the need to spectrally separate the different components of complex light fields. Moreover, due to the redundancy in a single-wavelength ptychography data set, the amount of data required remains approximately constant as the number of wavelengths increases for reasonable bandwidths, resulting in dramatically shorter data acquisition times compared to other hyperspectral metrologies. This approach can be easily applied not only to OAM beams but also to any other complex or structured light fields. Future applications include characterizing broadband OAM illumination in the millimeter-wave [32] , terahertz (THz) [33] , as well as coherent beams in the extreme ultraviolet (EUV) [34] [35] [36] and X-ray [37, 38] regions, where spatially resolved reconstructions of the illumination fields have already been demonstrated to provide an invaluable tool for applications in materials and biological sciences [39] [40] [41] [42] [43] [44] [45] [46] . We also expect that this technique can be used to characterize electron and neutron vortex beams [47, 48] as well as other matter waves.
Experimental and simulation results

Experimental setup
We simultaneously reconstructed the full electric field of bichromatic, linearly polarized OAM beams consisting of a fundamental field with topological charge  = 2, and its frequencydoubled field carrying topological charge  = 4. The experimental setup is shown in Fig. 1 . A mode-locked Ti:sapphire oscillator produces stable, ultrafast pulses (~40 fs) at a central wavelength = 790 nm, in a TEM00 Gaussian mode. These pulses were then sent through a multifaceted spiral phase plate (SPP) of charge  = 2 (HoloOr VL-220-795-Y-A, 16 steps per phase ramp), generating a fundamental vortex beam with topological charge  = 2. This beam was then loosely focused into a beta barium borate (BBO) crystal using a thin lens of focal length 50 cm, which generates a second harmonic beam at = 395 nm with charge  = 4. Both beams simultaneously illuminated a resolution test target (Thorlabs USAF1951), which was scanned to 64 positions on an 8 x 8 semi-random rectilinear grid. The step size of the grid was 80 μm in both directions, on top of which up to 16 μm randomness was added. Both beams had approximate radii of 250 μm, thus providing for an overlap ratio of more than 3, which is sufficient for the algorithm to converge [49] . The field just after the target was Fourier transformed via a 6 cm focal length lens and was collected via a complimentary metal-oxide semiconductor (CMOS) camera (Mightex SCN-B013-U) for each target position. Each diffraction pattern was measured with multiple exposure times and then combined in order to extend the dynamic range of the detector. The data was processed using a multicolor ptychography algorithm [27, 28] that solved for the complex fields of the two beams at = 790 nm and = 395 nm, as well as the corresponding complex transmission of the target for each wavelength in about 500 iterations. In the algorithm, the initial guess of the target amplitude was set as an array of unity with flat phase. The initial guess of the beam amplitudes was set as Gaussian with roughly the correct radii, with azimuthal phase wrap of 4π for the fundamental and 8π for the second harmonic. In addition to the usual constraints used in a ptychography algorithm (i.e., overlapping views of the target must agree, and the amplitude of the reconstructed diffracted waves must agree with the measured data), an additional constraint was imposed: the retrieved target must be identical for the two wavelengths modes, since the target does not have any spectrally dependent transmission, namely, it is a binary transmission element. 
Simulated and reconstructed wavefronts
The bichromatic OAM beam and the resolution test target were reconstructed from the experimental data using ptychographic CDI, and are shown in Fig. 2 . The field amplitude is represented in brightness, while the phase is represented in hue, as indicated by the color wheel in Fig. 2(j) . The reconstructed beams in Fig. 2(g) and 2 (h) show a clear transfer of topological charge from the fundamental beam ( = 2, phase wrap of 4π) to its second harmonic ( = 4, phase wrap of 8π) [50, 51] . A numerical propagation of the experimentally reconstructed beams in Fig. 2 (j) and 2(k) show that the fundamental beam propagates through 0 to 2π, while the second harmonic propagates through twice as much phase change, as expected. The propagation was done using the transfer function of free space method. Figures 2(a) and 2(b) show the reconstructed target from experiments at 790 nm and 395 nm, respectively. The two reconstructed targets should be identical, as there is only one resolution target illuminated by both beams, and its transmission has no spectral dependence. Note that the roughness in Fig.  2(b) is due to a reduced signal-to-noise ratio in the second harmonic beam, which is the result of both a lower field amplitude and a reduced quantum efficiency of the CMOS camera at this wavelength. Fig. 2 . Reconstructed test target from the experimental data (first column), simulated transverse field at the target (second column), reconstructed transverse field at the target from the experimental data (third column) and sagittal cross section of the reconstructed fields, propagated close to the focus (fourth column) for a bichromatic field (first and second row, = 790 nm and = 395 nm respectively) and a single-color field (bottom row, = 532 nm). In all cases, the electric field amplitude (arbitrary units) is represented in brightness while the phase is represented as a hue, as indicated by the color wheel in (j). In the second column, the transverse fields were simulated by applying the spiral phase plate and the focusing lens phase to an input TEM00 Gaussian beam with adjustable radius and phase curvature, and then propagating the field to the location of the target.
There are two and four singularities close to the center of the reconstructed beam profiles in Figs. 2(g) and 2(h), respectively, in contrast to the single singularity expected for a pure Laguerre-Gaussian (LG) mode that theoretically describes OAM beams. These two singularities in the beam profile of the fundamental beam may be due to a slight offset of the laser wavelength to the design wavelength of the SPP at 795 nm, and/or a slight amount of astigmatism of the initial Gaussian beam. Also, it is worth mentioning that a stepped SPP is not able to generate pure LG modes, even from a high quality TEM00 Gaussian mode input, and thus the generated vortex beams carry a superposition of OAM charges (i.e., fractional OAM), as analytically described in [52] . This point is further illustrated by performing a modal decomposition of the reconstructed OAM beams into an LG basis. When the reconstructed fundamental beam was numerically decomposed into LG modes of OAM number  between −2 and 6, approximately 80% of the total field was accounted for by LG modes of  = 2. For the second harmonic beam, when decomposed into LG modes of  between −2 and 8, approximately 58% of the total field was accounted for by LG modes of  = 4. To further corroborate this point, we perform an azimuthal Fourier transform over the reconstructed beam profiles, which also recovers the OAM spectrum but without the need for an analytical basis [53] . The OAM spectrum of the two reconstructed fields obtained in this way is shown in Fig.   3 (a) for = 790 nm and Fig. 3 (b) for = 395 nm, and high yield is seen at  = 2 for the fundamental beam and at  = 4 for the second harmonic beam, as expected. When the spectrum was integrated along the radius to give the total yield for each , 33.6% of the field was accounted for by LG mode of  = 2 in the fundamental beam, and 12.4% of the field was accounted for by LG mode of  = 4 in the second harmonic. The lower yields compared to the
LG modal decomposition is due to the fact that the OAM spectrum obtained through azimuthal Fourier transform was calculated for a wider range of  = ± 60, compared to that for the LG modal decomposition. To test the fidelity of ptychographic CDI as a high spatial resolution wavefront sensor, possible beam profiles at the imaging plane of the experiment were simulated and compared to the experimentally reconstructed beams. The simulation involved (1) applying the SPP and the focusing lens phase to an input TEM00 Gaussian beam with adjustable radius and phase curvature, and then (2) propagating the field to the imaging plane (i.e., the location of the target) using the transfer function of free space method. The SPP phase was applied as a discrete 32 stepped phase spiral in two ramps, and the lens phase was approximated as a thin lens without any aberrations. The second harmonic beam was then simulated by squaring the simulated field of the fundamental beam. Within a physically reasonable adjustment range of the parameters involved (the initial input beam radius, phase curvature independently in x and y, and the exact propagation distance between the phase plate-lens system to the target), we obtain simulated fields that agree exceptionally well with the reconstructed fields from the experiment, as they are shown in Fig. 2 
(d) and 2(e).
To further check the accuracy of our simulation and to improve our understanding, we also present numerical simulation and experimental reconstruction for an additional data set, which we acquired with a single input beam at = 532 nm from a diode-pumped, frequency-doubled Nd:YAG laser (Fig. 2, bottom row) . In this case, the laser's wavelength is far from the designed wavelength of the SPP, therefore the output field carries a fractional topological charge and the beam shows a more complicated amplitude and phase profile. Nonetheless, we achieved a high level of agreement between our simulation and experimental reconstruction as shown in Fig.  2(f) and 2(i) . We note that the reconstructed target in Fig. 2(c) looks different from Fig. 2(a) and 2(b) because different region of interest were chosen from the target and illuminated by the laser when conducting the singe-color experiment at 532 nm. Generally, the choice of the region of interest from a target does not affect the performance of the ptychographic CDI as long as there are enough spatial structures to constrain the reconstruction algorithm.
Fidelity tests of the ptychographic reconstructions
As another fidelity test of the ptychographic reconstruction, the experimentally reconstructed, complex field of the fundamental beam was numerically propagated back to a plane just after the SPP position in the experimental setup. At this position, the field amplitude shows a spokelike pattern that spreads out in the radial direction as shown in Fig. 4(c) , where the white lines are shown as a guide to the eye. We separate the reconstructed amplitude and phase of the SPP as in Fig. 4(c) and 4(d) , respectively, in order to increase the visibility of the spoke-like pattern. This spoke pattern stems from the discrete and stepped nature of our SPP as shown in Fig. 4 , where Fig. 4(a) is a 3D sketch of the SPP and Fig. 4(b) is an optical microscope image at the center of the SPP (note that dark lines along certain angles of the SPP are likely slight manufacturing imperfections.) When the field amplitude from Fig. 4(c) was radially integrated as shown in Fig. 4(e) , we observe 32 distinct peaks, in agreement with the number of discrete steps in the SPP. The previous analysis demonstrates one of the largest advantages of using ptychography as a high-resolution wavefront sensor: the ability to inspect the full complex beam wavefront at an arbitrary position. This allows for direct visualization of propagation effects as a beam traverses an optical setup, allowing for optimization and diagnosis of optical elements in hard to access positions. In order to demonstrate this unique versatility, we visualize the characteristic, helical wavefronts of the vortex beams from the experimental data by numerically propagating the experimentally reconstructed fields. These beams are visualized in Fig. 5 via surface plots of constant phase, with an intensity threshold. The individual plots in Fig. 5(a) for each wavelength (790 nm: left, red; 395 nm: right, blue) display a clear spiral structure with two planes (of constant phase) for the fundamental beam and four planes for its second harmonic. From these two propagated fields, it is possible to solve for the total electric field of the two beams up to the relative phase between them, which ptychography is not sensitive to. Depending on the relative phase between the two beams, the second harmonic beam can either constructively interfere with the fundamental, resulting in a wavefront that is close to that of the fundamental or, with a slight phase offset, more complicated wavefronts can be obtained, as shown in Fig. 5(b) and 5(c). With additional control over the intensity ratio between the two beams as well as the OAM charge of the fundamental beam, it is possible to synthesize a bichromatic vortex field with unique field configurations. Such beams may be of interest, for example, for manipulating spin and charge dynamics on few-cycle periods, from the picosecond to femtosecond to attosecond timescales, as well as for unique quantum sensing and metrology applications. It is worth noting, however, that bichromatic fields behave as an incoherent sum of two independent fields for timescales greater than their optical periods. These beams may also find applications in areas such as optical tweezers, as the unique beam structures in multicolor OAM beams can yield complex potential energy landscapes as well as locally controllable OAM transfer to trapped objects. Indeed, while interference of same-color OAM beams has been investigated [54, 55] , properties and applications of superposition of different wavelengths OAM beams have remained largely unexplored. As such, ptychographic CDI provides a robust, high resolution method for quantifying complex optical wavefronts for future applications using vortex beams. 
Conclusion
We have demonstrated that multiplexed, ptychographic CDI can be used as a high-resolution, phase-and-amplitude, hyperspectral wavefront sensor by characterizing both a bichromatic vortex beam carrying OAM and a highly complex, single-color vortex beam consisting of a superposition of several OAM charges. In particular, we have shown that this method is effective in cases where there are OAM beams with different spectral content that are superposed in space and time, which opens the door to applying multi-wavelength ptychography across a broad spectral range. In principle, this characterization method is not strongly wavelength dependent, and can be applied to other spectral ranges where implementing interferometric techniques to characterize OAM content are not trivial such as the THz, EUV, and X-ray regimes, and even electron and neutron beams. In these settings, spatially resolved reconstructions across the entire wavelength (optical, EUV beams) or energy (matter beams) are very useful for applications in spectroscopy, microscopy, and metrology. Finally, we note that this method can be regarded as a general wavefront sensing technique, and so it is very straightforward to characterize other types of structured illumination that are of interest, such as nondiffracting beams, accelerating beams, and other complex light and matter waves for microscopy or optical manipulation purposes.
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